Symbolic dynamics is applied to the one-dimensional three-body problem with equal masses. The sequence of binary collisions along an orbit is expressed as a symbol sequence of two symbols. Based on the time reversibility of the problem and numerical data, inadmissible ͑i.e., unrealizable͒ sequences of collisions are systematically found. A graph for the transitions among various regions in the Poincaré section is constructed. This graph is used to find an infinite number of periodic sequences, which implies an infinity of periodic orbits other than those accompanying a simple periodic orbit called the Schubart orbit. Finally, under reasonable assumptions on inadmissible sequences, we prove that the set of admissible symbol sequences forms a Cantor set. © 2000 American Institute of Physics. ͓S1054-1500͑00͒01603-7͔
I. INTRODUCTION
One-dimensional three-body systems starting from general initial conditions have been extensively studied by Mikkola and Hietarinta. [1] [2] [3] Tanikawa & Mikkola ͑Ref. 4; hereafter referred to as Paper I͒ introduced symbol sequences and found that triple-collision orbits can be obtained easily as boundaries of orbits with different symbol sequences. ͑For another application of symbol sequences to the three-body problem, see Ref. 5 .͒ They found that the region of the phase space so far considered chaotic is stratified by regions separated by triple-collision curves, i.e., curves formed by initial conditions leading to triple collision.
The present paper is an extension of Paper I. Our purpose here is to deepen our understanding of the structure of the phase space of the one-dimensional three-body problem and to provide an insight into its dynamics. Instead of considering orbits themselves, we consider the set of symbol sequences. Here, these are constructed not by dividing the phase space but from the sequences of binary collisions along orbits. Our main results are as follows: The surface of section is divided into five regions with different types of symbol sequence. Then with the aid of the symmetry of the surface of section, we find that there are unrealizable sequences of collisions. Next, we find that the surface of section is rather simply stratified by bands of points with symbol sequences with increasing or decreasing order when considered as decimal numbers. We construct a graph which expresses the mapping of points among various regions, from which the existence of periodic sequences and oscillatory sequences, and consequently the existence of periodic orbits and oscillatory orbits is deduced. Finally, based on the numerical results, we prove that the set of admissible ͑i.e., realizable͒ symbol sequences form a Cantor set in the set of all symbol sequences. Section II presents the definition of the problem together with the Hamiltonian and the variables used. To keep accuracy in numerical integration, regularizing variables are used. The surface of section or the initial value space is also introduced. In Sec. III, symbol sequences are introduced and the relation between symbol sequences and the surface of section is discussed. Section IV gives the results. In Sec. IV A, overall structure of the surface of section is exhibited. In Sec. IV B, inadmissible symbol sequences are specified using the symmetry of the problem. Section IV C presents an analysis of a more detailed structure of the surface of section with respect to different symbol sequences. Section IV D is devoted to finding periodic and other special symbol sequences. We construct a graph for transitions among various regions on the surface of section. In Sec. IV E, we consider the property of admissible symbol sequences based on the numerical results obtained in the preceding sections. Finally in Sec. V, we summarize the results.
II. FORMULATION OF THE PROBLEM
We put three mass points m 1 , m 0 , and m 2 (m 0 ϭm 1 ϭm 2 ) in this order on a line. Fix the masses and the gravitational constant to one. Then the Hamiltonian of the problem is given 1 by
where w i are momenta conjugate to the coordinates x i on the line. We have x 1 рx 0 рx 2 . Introducing new coordinates by
we get the new Hamiltonian as
We fix the total energy to Ϫ1 and start the integration at q 1 (0)ϭq 2 (0)ϭR. This means that two outer particles are placed at an equal distance from the central. Then the potential gets the value 2.5/R. The kinetic-energy T is determined by 
is obtained. Here E is the ͑initial͒ numerical value of the Hamiltonian. The equations of motion following from this Hamiltonian can be integrated numerically with conventional methods, such as the Bulirsch-Stoer integrator.
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III. SYMBOL SEQUENCES AND SURFACE OF SECTION
There can be three types of collision along an orbit: Binary collisions between m 1 and m 0 and between m 0 and m 2 , and a triple collision. Let us denote a binary collision of m 1 and m 0 by 1 and one between m 2 and m 0 by 2, and a triple collision by 0. A symbol sequence is constructed in such a way that when m 0 and m 1 collide, the symbol 1 is added to the sequence and when m 2 and m 0 collide the symbol 2 is concatenated. Further, if a triple collision takes place, we add 0 to the sequence.
It is very difficult to directly obtain orbits which start and/or end at triple collision because triple collision is generally an essential singularity. 7 However, we have shown in Paper I that orbits with symbol sequences containing 0 can be obtained as a boundary of orbits with symbol sequences not containing 0. Thus, assigning symbol 0 to triple collision is not merely a formal procedure. Generally, orbits which experience triple collision cannot be continued. So, we regard as 0 continuing endlessly after the first 0 in the future and before the last 0 in the past, if 0 appears in the sequence. Now, let us express an orbit as a sequence of 0, 1, and 2 as follows:
where n i , iZ, are either 0, 1, or 2. We follow the orbit starting from the initial condition defined in Sec. II to the future and to the past. Then n 0 represents the first collision. n 1 and n 2 represent the type symbol of the second and third binary collisions, and so on. Similarly, n Ϫ1 ,n Ϫ2 ,... represent the type symbols of the past collisions.
Let ⌺ denote the set of all bi-infinite sequences s ϭ(¯n Ϫ2 n Ϫ1 .n 0 n 1 n 2¯) of three symbols. We define a metric on ⌺ setting d(s,s)ϭ0 and d(s 1 
͑3.1͒
Then it is known that ⌺ 2 is a Cantor set. 9 In other words, symbol sequences corresponding to orbits which repeat binary collisions form a Cantor set in the whole sequence space ⌺. In what follows, we mainly work in space ⌺ 2 .
The shift operator is defined by The correspondence between a symbol in a sequence and a point in the surface of section is not one-to-one. It follows from the following propositions that if the orbit appears again on the surface H 1 , then the preceding and succeeding binary collisions occur with m 1 and m 0 and with m 2 and m 0 , respectively. To put it differently, the period ͑present͒ can only be inserted between successive 1 and 2 in this order. An orbit does not appear on H 1 as long as binary collisions between the same particles are repeated. Proof: If q 1 ϭq 2 and q 1 ϭq 2 , the solution is homographic and always on the homographic line. So the trajectory initially outside the homographic line never becomes tangential to the line except in the case of triple collision.ᮀ Proposition 3.2: If a trajectory crosses the homographic line on the (q 1 ,q 2 )-plane, a binary collision occurs before the trajectory again crosses it.
Proof: Suppose that a trajectory crosses the homographic line from (q 1 Ͻq 2 )-side to (q 1 Ͼq 2 )-side at tϭt 0 , i.e., q 1 ϭq 2 and q 1 Ͼq 2 at tϭt 0 . Then there exists a small Ͼ0 such that q 1 Ͼq 2 and q 1 Ͼq 2 at tϭt 0 ϩ. This implies that a finite time is needed for the trajectory to again cross the homographic line. Suppose that the first crossing occurs at tϭt*Ͼt 0 without binary collision during (t 0 ,t*). We can use the continuity argument in this case. At tϭt*, we should have q 1 ϭq 2 and q 1 Ͻq 2 according to Proposition 3.1. In order to have this, we should have q 1 Ͼq 2 and q 1 ϭq 2 at some t**,t 0 Ͻt**Ͻt*. We should have in turn q 2 Ͼq 1 at least at some time between t 0 and t**. This implies q 2 Ͻq 1 at the same instant, which is a contradiction. ᮀ Finally, to obtain the global structure, we cover the surface of section H 1 with a mesh of grid size (⌬R,⌬) ϭ(0.002,0.°1) and integrate orbits to the future starting at each vertices of grids until the 66th binary collision is obtained. The total number of orbits amounts to 2.25ϫ10 6 . To obtain the particular local structure, we perform additional integrations with finer mesh.
IV. ORBITS AND SYMBOL SEQUENCES
A. Global structure of the surface of section
In paper I, we observed that the surface of section H 1 is divided into smaller parts by points with different symbol sequences. In fact, H 1 is divided into two regions of points having future symbol sequences 1.22¯and 1.21¯. It is divided into four by future symbol sequences 1.222¯, 1.221¯, 1.211¯, and 1.212¯. It is divided into seven by future sequences 1.2222¯, 1.2221¯, 1.2212¯, 1.2122¯, 1.2121¯, 1.2112¯, 1.2111¯, and so on. The boundaries of regions of different symbol sequences form curves and these curves turn out to be initial conditions of orbits which end in triple collision. We call these curves triple collision curves. Thus the surface of section is divided into an increasing number of smaller parts with an increasing number of digits of symbol sequences separated by triple collision curves. Figure 1 shows one of the results. This is a reproduction of Fig. 5 in paper I. Here, the triple collision curves from 10, 11, and 12 symbols are plotted. Those from shorter sequences are between the plotted ones and are omitted. In addition to the triple collision curves, two kinds of region are shown. One is the Schubart region ͑black͒ which surrounds a stable simple periodic orbit called the Schubart orbit. 10 The other is four blank regions where orbits immediately escape, i.e., the corresponding triple systems disrupt into a single body and a binary.
In paper I, we did not consider the organization or distribution of various regions with respect to different symbol sequences. In the present paper, our target is to know the detailed structure of the surface of section and gain an insight into the dynamics of the one-dimensional three-body problem. The first important observation is that there is a large structure in H 1 . Four curves seem to emanate from the corner of the Schubart region and reach the bottom boundary of the surface of section. In that 21 is repeated infinitely. ͑We will also use this convention for a finite repetition.͒ In order to confirm that these are actually curves, we performed orbit integrations with initial conditions along short segments across these supposed curves. The grid size is as small as 0°.001 for the horizontal search, and it is 0.0001 for the vertical search. A point is considered to be on the curve if the corresponding symbol sequence is of the form 1. (21) n with nу36. Near the boundary of the Schubart region, more digits are required. Moreover, there we interpolated the position of the curve when more than one grid point satisfies the condition.
The result is shown in Fig. 2͑a͒ . Four curves seem smoothly connected to the boundary of the Schubart region. We denote the regions separated by these curves by S, L, C, R, and T, meaning the Schubart region, left, center, right, and top regions, respectively. The corresponding symbol sequences are given in Table I .
Remark: One should be careful as the division seen in Fig. 2͑a͒ may not be exact near the boundary of S. There is a pair of period-2 points around the Schubart region. ͑These four points correspond to a single orbit in the configuration space.͒ These points at the corners of the Schubart region and the outermost invariant KAM ͑Kolmogorov-ArnoldMoser͒ curve of the Schubart region are expected to be disjoint. Near the boundary of the Schubart region, L, C, R, and T may be intermingled in a complicated way. We will try not to draw any conclusion related to this area.
B. Inadmissible symbol sequences
As we pointed out in Sec. III, the surface of section has a symmetry. The past history of the orbit starting at (,R) is realized by the future of the orbit starting at (Ϫ,R) and vice versa. Thus, in order to get the bi-infinite symbol sequence of an orbit starting at (,R), ͑i͒ we calculate the future orbit starting at (,R) and record its future symbol sequence 1.2c 2 c 3¯, ͑ii͒ calculate the future orbit starting at (Ϫ,R) and record its future symbol sequence 1.2s 2 s 3¯, ͑iii͒ make a past symbol sequence¯s 3 s 2 1.2 where sϭ1 or 2 according as sϭ2 or 1, and ͑iv͒ concatenate two symbol sequences as¯s 3 s 2 1.2c 2 c 3¯.
The above procedure suggests that we check whether or not a given symbol sequence is admissible ͑i.e., realizable as a sequence of collisions͒. If an arbitrary future symbol sequence can be concatenated with an arbitrary past symbol sequence, then any bi-infinite symbol sequence is admissible.
Let us consider the reversed surface of section H 1 t . Let us denote, respectively, by LЈ, CЈ, RЈ, and T Ј the regions of H 1 t obtained from R, C, L, and T of H 1 . Here for example, LЈ is the original R if not reversed. The corresponding sequences ͑for the past͒ with 1 and 2 exchanged are given in Table II. If regions with and without prime overlap, then the symbol sequence obtained by concatenating two one-sided sequences is admissible. Otherwise the sequence is inadmissible. There are 17 combinations of possible overlapping regions: 16 combinations between one of L, C, R, T and one of LЈ, CЈ, RЈ, T Ј and one combination of S and SЈ. Due to the symmetry of the problem, we have SϭSЈ. We show the nonempty overlapping regions in Fig. 2͑b͒ . As we pointed out in our Remark in Sec. IV A, near the boundary of SപSЈ, overlapping regions may have a complicated form. However, we neglect it.
Nonoverlapping combinations of regions are listed in the first and second columns of Table III together with the corresponding symbol sequences ͑third column͒ and inadmissible words ͑fourth column͒, where a word means a finite sequence of symbols. As we described in Sec. III, symbol sequences in H 2 are obtained from symbol sequences in H 1 by exchanging the future and past. In the fifth column of 2 ) at the present. Therefore, if there is a symbol sequence containing an inadmissible word in some future or past, then by applying the shift operator to it and bringing the word to the present, we can say that the sequence is inadmissible.
There are no other inadmissible words. In fact, the regions L, C, R, and T are stratified by triple collision curves running almost parallel to their boundary inside the surface. In addition, all these stratified regions in L, C, R, and T converge to triple collision points at the bottom of the surface of section. On the other hand, triple collision curves of the original and reversed surface of sections intersect transversely. This can be confirmed by comparing Figs. 1 and 2͑b͒. One sees that the dotted curves in Fig. 2͑b͒, i. e., the boundaries of regions in H 1 t , are transverse to the triple collision curves in Fig. 1 0 . Here k 0 is some large positive integer. Their lengths are 4(kϩ1) and 4(kϩ1)ϩ1.
We give the first several examples in Table IV . The absence of these sequences is confirmed numerically. Unfortunately, we so far do not have an analytical explanation of the nonexistence of the shortest word ''1122'' or ''2211.'' However, our heuristic explanation goes like this: If we have 22 this means that particles 0 and 2 are bound to binary and particle 1 is the looser one. Then particle 1 comes and collides with particle 0. This is 221. However, particle 1 cannot collide twice with the middle one in quick succession without sending particle 0 first to collide with its old friend particle 2. Thus only 2212 can follow. This can be confirmed in Fig. 3 . In a close triple encounter, the central particle 0 hits both the end particles 1 and 2. Either of symbols ''212'' ͑the upper trajectories͒ or ''121'' ͑the lower trajectories͒ always appears.
Remark: In view of our Remark in Sec. IV A we added the restriction kрk 0 in Proposition 4.1.
C. A detailed structure of the surface of section
In order to see the detailed distribution of symbol sequences in the surface of section, we integrated orbits along the lines ϭ30°, 90°, and 150°with a finer mesh. We find that along the line ϭ30°, which is transverse to the structure in L, symbol sequences are distributed in such a way that ͑future͒ symbol sequences considered as decimal numbers decrease from 1. (2) ϱ down to 1.(21) ϱ with the increase of R. We divide symbol sequences into three groups: 1. (2) ϱ , 1.(2) n 1¯, and 1.(21) 2k 22¯with nу2, kϾ0. We call the regions with these symbol sequences I 9 , I 5 , and I 1 , respectively. The lack of odd exponents in the symbol sequences in I 1 will be understood if one sees the symbol sequences in I 3 introduced below. Along the line ϭ90°and in C, symbol sequences are distributed in such a way that symbol sequences considered as decimal numbers increase from 1.2 (1) ϱ up to 1. (21) ϱ with the increase of R. We divide symbol sequences into three groups: 1.2(1) ϱ , 1.2(1) n 2¯, and 1. (21) 2kϩ1 1w ith nу2, kϾ0. We call the regions with these symbol sequences I 10 , I 6 , and I 2 , respectively. Similar to the case of I 1 , the lack of even exponents in the symbol sequences in I 2 will be understood if one sees the symbol sequences in I 4 introduced below.
Along the line ϭ150°and in R, symbol sequences decrease from 1.21 (2) ϱ down to 1. (21) ϱ with the increase of R. We divide symbol sequences into three groups: 1.21 (2) ϱ , 1.21(2) n 1¯, and 1.(21) 2kϩ1 22¯with nу2, kϾ0. We call the regions with these symbol sequences I 11 , I 7 , and I 3 , respectively.
Finally, along any of the lines ϭ30°, 90°, or 150°and in T, symbol sequences increase from 1.212 (1) ϱ up to 1. (21) ϱ with the decrease of R. We divide symbol sequences into three groups: 1.212 (1) ϱ , 1.212(1) n 2¯, and 1. (21) 2k 1¯with nу2, kϾ0. We call the regions with these symbol sequences I 12 , I 8 , and I 4 , respectively.
Thus there are in total twelve regions I i , iϭ1,2,¯,12 other than S ͑see Fig. 4͒ . The boundary of I 1 and I 5 is the triple collision curve with symbol sequence (¯1.20). Similarly, the boundaries of I 2 and I 6 , of I 3 and I 7 , and of I 4 and I 8 are triple collision curves with symbol sequences (¯1.210), (¯1.2120), and (¯1.212 10), respectively. Regions I 9 , I 10 , I 11 , and I 12 will be called immediate escape regions ͑called regular regions in Paper I͒ with symbol sequences (¯1. (2) ϱ ), (¯1.2(1) ϱ ), (¯1.21(2) ϱ ), and (¯1.212 (1) ϱ ), respectively. We could further divide I i , iϭ1,2,¯,8 into smaller pieces. However, instead of doing this, we only look into a slightly finer structure of I 5 , I 6 , I 7 , and I 8 . This will be enough for finding the periodic symbol sequences, which will be done in Sec. IV D.
Let us consider I 5 . As we described above, symbol sequences in I 5 have the form 1. (2) n 1¯with nу2 and these considered as decimal numbers decreases when R increases along the line ϭ30°. So the points with symbol sequences 1. (2) n 1¯with larger n stay below those with smaller n. Let us fix nу2 and look into the structure of the point set with symbol sequence 1. (2) n 1¯. The largest symbol sequence ͑as a decimal number͒ is 1. (2) n 1(2) ϱ . However, this sequence is inadmissible because the inadmissible word 22122 is contained. So the largest admissible symbol sequence is 1. (2) n 121 (2) ϱ . Then we have (21) ϱ is on the stable manifold which tends to one corner of the Schubart region. Now we conclude that orbits of points whose symbol sequences have the form 1. (2) n 1n ext cross the surface of section either in I 11 ,I 7 ,I 3 ,I 2 ,I 6 ,I 10 or in the boundary of C and R.
Let us confirm the above description by numerical integration of orbits. Let us take points of region L whose symbol sequences are 1. (2) 3 1¯, 1. (2) 5 1¯, 1. (2) 7 1¯, and 1. (2) 9 1¯, and integrate their orbits until the next intersection with the surface of section. The results are shown in Fig.  5 . Images of the initial bands are in CЈ. They also have the form of bands and indeed pass through I 11 ,I 7 ,I 3 ,I 2 ,I 6 , and I 10 . Now it is clear that 1. (21) ϱ , the image of 1.(2) n 1(21) ϱ , is on the boundary of C and R.
One can do the same thing for I 6 , I 7 , and I 8 . Here we do not repeat the procedure. We only present the numerical results in Fig. 6 . In Figs. 6͑a͒-6͑c͒ , four bands, respectively, in C, R, and T are mapped to four bands in RЈ, L, and C\CЈ.
The points in I 1 and I 3 move alternately as I 1 →I 3 →I 1 →I 3 →¯, finally make a transition I 1 →I 7 and go into I 5 . Similarly, the points in I 2 and I 4 move alternately as I 2 →I 4 →I 2 →I 4 →¯, and finally make a transition I 2 →I 8 and go into I 6 . The initial behavior resembles that of period 2 points near the boundary of the Schubart region. The motion is almost regular, revolving around the Schubart region and gradually approaching the boundary of ''chaotic regions'' I 5 or I 6 . 21) 8 1¯, are mapped to three bands in I 2 \ CЈ. I 7 and I 8 are mapped, respectively, to I 5 and I 6 . I 11 and I 12 are mapped respectively to I 9 and I 10 . Finally, I 9 and I 10 correspond to the escaping orbits. Thus we call I 9 , I 10 , I 11 and I 12 the immediate escape regions.
One sees in Table V regions I i , iϭ1,2,¯,12 and the corresponding symbol sequences together with the regions mapped into.
D. Periodic sequences and periodic orbits
In order to obtain periodic sequences, we make in Fig. 8 a graph of transitory relations among I i from the data in Table V . The necessary condition for a sequence to be periodic is to come back to some region I i starting from there. There are four shortest round-trip paths in the figure: I 1 I 3 , I 2 I 4 , I 5 I 7 , and I 6 I 8 . However, the first two should be excluded. As we described in Sec. IV C, these transitions correspond to secular movements in the respective areas, so no periodic sequences are expected to exist.
Let us consider transition I 5 I 7 . The form of a sequence in I 5 is 1. (2) n 1¯, nу2, whereas the form is 1.21 (2) m¯, mу2 in I 7 . Then, the periodic sequence should contain the word 1 (2) n 12, nу2. Similarly, we get a word 12 (1) n 2 from I 6 I 8 . We list the first several ones in Table VI .
Geometrically, periodic sequences can be obtained as crosspoints of curves or bands. Suppose that a word 2c 2 c 3¯c nϪ1 1 is a unit of periodic sequence. The corresponding periodic sequence should be of the form (2c 2 c 3¯c nϪ1 1) ϱ . (2c 2 c 3¯c nϪ1 1 ϱ ) by (,R)→( Ϫ,R) and by the interchange of 1 and 2. We show in ϱ . In the figure, intersecting curves are not continuous. This is due to the coarseness of the mesh of orbit integrations.
There are longer round-trip paths. Let us list in Table  VII all the possible round-trip paths. Periodic words are obtained in a similar manner. These are listed in the second column of Table VII. In the table, one sees I 3 I 1 and I 4 I 2 in the fourth, fifth, seventh, and eighth paths. This means that the corresponding orbits repeat transitions between these regions as many times as the number of the word 21 in the symbol sequences.
If future and past periodic sequences occupy bands in the surface of section, then the common points form an area in the surface of section. In this case, the area is likely to contain a stable periodic point. In fact, if the area is homeomorphic to a disk, then it contains a periodic point by the Brouwer fixed point theorem. 11 On the other hand, if they are curves, then the intersection is a single point. The point certainly corresponds to an unstable periodic point. Thus, in any case, we expect that there is an infinite number of periodic orbits corresponding to periodic symbol sequences in the one-dimensional three-body problem. But we need a more precise analysis to obtain a rigorous result.
There may be longer periodic orbits than those considered above. Periodic words listed in Table VII correspond uniquely to periodic symbol sequences but not to periodic orbits. There may be periodic orbits which come back to the initial points after going around more than once the basic paths in the Table. Finally, we are able to obtain oscillatory sequences. Oscillatory sequences directly specify a group of oscillatory orbits ͑see Ref. 12 for oscillatory orbits in the planar problem͒. Consider transitions I 5 I 7 . The corresponding periodic word is 1 (2) n 12, nу2. If n is fixed for every roundtrip path, then we get a periodic sequence as before. Let us take a sequence of positive integers ͕n i ͖ i , n i у2 such that lim n i →ϱ, and consider a sequence 1. (2) n 1 121(2) n 2 12¯1(2) n i 12¯. This is an admissible sequence. This is an oscillatory sequence and gives an oscillatory orbit. In a similar manner, we can construct oscillatory sequences from other periodic words in Table VII .
E. Property of the set of admissible symbol sequences
In this subsection, assuming the numerical results, it will be shown that admissible symbol sequences form a Cantor set. Let us introduce a cylinder as a set of symbol sequences which has a fixed word in a given range of digits. 9 Examples are the sets of symbol sequences in the third column of Table III which contain the words in the fourth column.
Theorem 4.2:
The set ⍀ of admissible symbol sequences forms a Cantor set in ⌺ 2 and hence in ⌺.
Proof: Inadmissible cylinders are obtained from inadmissible words of Proposition 4.1 and their number is countable. Therefore, ⍀ϭ⌺ 2 \ ͕all inadmissible cylinders͖ is compact. (1) n 212¯for any nу2. In order to show that ⍀ is totally disconnected, it suffices to show that in any neighborhood of a sequence in ⍀ there is a sequence which does not belong to ⍀. Using inadmissible cylinders with their fixed words in arbitrarily high digits, we can construct a symbol sequence not belonging to ⍀ and arbitrarily close to a given admissible sequence. ᮀ As consequences, we have Corollary 4.3: There is an uncountable number of nonescape orbits other than orbits in the Schubart region. This is obvious because there is an uncountable number of symbol sequences other than (21) ϱ .(21) ϱ and a symbol sequence corresponds to more than one orbit. Moreover, there may be an uncountable number of curves of initial conditions for nonescape orbits.
Corollary 4.4:
The area of initial positions for a nonrepeating symbol sequence is zero. This is also obvious because the corresponding orbits appear an infinite number of times in different positions of the surface of section.
V. SUMMARY
We have demonstrated that symbolic dynamics is effective in studying the one-dimensional three-body problem.
Main results are ͑i͒
The initial value space ͑surface of section͒ is found to be divided into five regions ͓Fig. 2͑a͔͒. Each region except the Schubart region is stratified systematically by smaller regions with different symbol sequences ͑Table V͒. There are rather simple rules in the mapping of points among these regions ͑Fig. 8͒. ͑ii͒ It has been found that there are inadmissible sequences of binary collisions, the simplest ones being 2211 and 1122 ͑Proposition 4.1͒. ͑iii͒ Periodic sequences are found and some of periodic orbits are positioned, the simplest one being (22121) ϱ •(22121) ϱ ͑Table VII͒. The existence of oscillatory orbits is deduced. ͑iv͒ Qualitative behavior of general orbits on the surface of section is understood to a certain extent by using symbol sequences and shift operator ͑Theorem 4.2͒.
